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Ising model for a ferromagnet

H = − ∑
⟨i,j⟩

sisj spins: si = ±1

short-range … GLOBAL SYMMETRY

β = .1 β = .5 β = .9
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which symmetries?

‘spins’ Z2 = {±1}

phases U(1) = {eiφ} QED

colours SU(3)= … QCD

link variables ....

H = −∑U( ) spins: Uij = ±1

… GAUGE SYMMETRY

beam
split

beam
recombined

Aharanov-Bohm ring

B

A
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Lattice QCD

discretised & compactified

S = ∑
◻

1
N
R tr (1 −U◻)

partition function Z = ∫ DAµDψ̄Dψ exp{−S[Aµ, ψ̄, ψ]}

Nt ×N 3
s grid

continuum limit: a → 0
thermodynamic : V →∞
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only gluons

3 flavours

p = −Ω/Vp = −Ω/V

(phase) transition [Borsányi, et al (2012, 2014)]
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http://dx.doi.org/10.1016/j.physletb.2014.01.007
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“zeroth” order approximation nf = 0
(no fermions)

Harmonic Osc. H = ∑
k,i
(ni(k) + 1/2)ωi(k) i = (pols, colour ...)

T.D. limit: ∑
k,i
→ dg ⋅V ∫

d3k
(2π)3

dgluons = 2 × 8

pressure: p0(T) = dg
π2

90
T4

entropy density: s(T) = ∂p
∂T

∼ T3

energy density: ε(T) = −p + sT

(Stefan-Boltzmann law)
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LO: p
T4 =

p0

T4 (1 −
15
4π
α) +O(α2?)

STRONG interactions w(T) = T5 ∂(p/T4)

∂T
= T ∂p

∂T
− 4p

BUT:

[renorm]

QCD breaks scale inv. αfix → α(Q) = 4π/11
log(Q2/Λ2)

need running for w ≠ 0!

guess scale dep. α( Q ) . . . Q ≃ 2πT

⇒ @LO w ∼ ∂α
∂T
∼ α2
(T)T4

= 0 (formally)
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state of the art

Ex: pressure (= thermodynamic potential)

[Kajantie, et al (2003)]
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↷ powers of α1/2 and log(α) ?!
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https://arxiv.org/abs/hep-ph/0211321


What is ‘measured’??

w
T4

:=
ε − 3p

T4

vacuum ∞ cancelled :-)

Tαβ
=

⎛
⎜
⎜
⎜
⎜
⎝

ε

p
p

p

⎞
⎟
⎟
⎟
⎟
⎠

Trace anomaly Tµ
µ = ε − 3p ?

= 0

[Boyd et al (1996)]

conformal (function of VT3) ... ⇒ TRUE FOR INTERACTING SYSTEMS!
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http://dx.doi.org/10.1016/0550-3213(96)00170-8


the integral method

T/Tc
1.1

w
(T

)/
T

4

nf = 0

p
T4 =

p(T0)

T4
0
+

T

∫
dτ
τ
⋅
w(τ)
τ4

T/Tc

non-interacting

p(T )
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scheme: O(α5/2) pressure
2-loop α(2πT)

[
pQCD does not converge

... can still be useful!
]

w
(T

)/
T

4
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0.01
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ADJUST parameter:

λ = Λ/Tc

match w @ T⋆ ...
(instead of n-pnt function)

consistent results for large T
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VERIFY model:

λ = Λ/Tc

compare to
another observable

slower approach to
free limit
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Same applies for entropy & energy density!
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Summary

perturbing analysis of lattice QCD trace anomaly

BUT: who cares about a 1% effect?

● equation of state, ε = ε(p), crucial input for hydro

● large-T is where theory should be under control!

● error in p(T)/p0 ⇒ large differences in T/Tc
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→ backup slides
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non-Abelian features

hadronic bound states (mesons/baryons)
below Tc ≈ 200 MeV

↓ (mostly pions)

primordial ‘soup’
of quarks & gluons
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ASYMPTOTIC series for Z(λ):

∀N ∈ N , lim
λ→0+

1
λN ∣Z −

N
∑
n=0

cnλ
n
∣

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

= 0

Stirling approx. ↷ cn ≈ exp [n log n] fast growth!

ratio test ⇒ for large coupling, truncate at low order: N⋆ ∼ 1
λ
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[Borsányi, et al (2012)]
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http://dx.doi.org/10.1007/JHEP07(2012)056


[Borsányi, et al (2012)]
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http://dx.doi.org/10.1007/JHEP07(2012)056

