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Abstract. Maser emission arises when spectral lines are enhanced through radiative transfer
effects and are observed to be very bright. Molecular astronomical masers have proved to be
a very useful tool to probe conditions in a wide variety of sources. Masers are also produced
by atomic hydrogen formed by recombination in sufficiently dense HII regions. These hydrogen
recombination line (HRL) masers have been observed in a handful of objects to date but the
analysis of the atomic physics involved has been rudimentary. In this work a new model of
HRL masers is presented that uses an nl-method model to describe the atomic populations
interacting with free-free radiation from the plasma, and an escape probability framework to
deal with radiative transfer effects. The model is used to describe the general behaviour of
radiative transfer of HRLs and to investigate the conditions under which HRL masers form.

1. Background
1.1. Hydrogen recombination line masers
Astronomical masers occur when spectral lines are amplified through stimulated emissions over
long path lengths, producing line emission that is much brighter than expected under local
thermodynamic equilibrium (LTE) conditions. Traditional astronomical masers occur due to
rotational or vibrational transitions of various molecules, and have been studied extensively
both observationally and theoretically. More recently, recombination line masers from atomic
hydrogen have been observed in a few objects.

[1] showed that recombination lines can be amplified by stimulated emission in the Rayleigh-
Jeans limit, even at low optical depths. The theoretical possibility of HRL masers was considered
by [2] to account for the anomalous hydrogen line intensities found in dense gasses associated
with active galactic nuclei. The first cosmic high-gain HRL maser was discovered in the
young stellar object MWC 349A [3, 4]. This maser source has since been studied extensively
[5, 6, 7, 8, 9, 10, 11] with the evidence confirming the presence of strongly masing recombination
lines. For some time, MWC 349A was the only source in which HRL masers had been detected,
but growing interest in the subject has prompted more searches, leading to the identification of
a number of HRL masers in other objects, see for example [12], [13], [14] and [15].

The environments in which these atomic masers can form are distinctly different from those
of their molecular counterparts. For recombination lines to form, the emitting gas has to be
ionized, which for hydrogen requires a temperature of ∼ 104 K. The host clouds of molecular
masers are necessarily cooler than the molecules’ dissociation temperature and, therefore, are
relatively cool (T ≤ 103 K).



A population inversion occurs in hydrogen over a large range of atomic levels in a
recombination nebula, whereas in molecular masers the inversion is often limited to a few levels
only. A result of this is that many adjacent HRL lines will exhibit masing behaviour at the
same time instead of just a few specific lines, as is the case with molecules. In HRL masers, the
pumping scheme for the population inversions is a natural consequence of the capture-cascade
processes in the atomic component of the ionized gas, which is discussed in more detail in [16].
In many molecular masers the details associated with the pumping scheme are unclear. It should
also be noted that because hydrogen makes up the bulk of almost all astronomical gasses, the
hydrogen masing lines can be seen in very high column densities. For molecular masers the
relevant constituents have low number densities compared to the H2 content.

There have been some endeavours to construct a theoretical framework for HRL masers.
[17] extended the departure coefficient calculations of [18] to higher densities in response to the
discovery of the first HRL maser source. [16] addressed the theoretical foundations of HRL
masers and considered conditions necessary for their formation.

Most theoretical models for HRL masers have focused on the morphology of the emitting
region [8, 19, 11], leading to the suggestion that the masing is strongly related to the structure
and kinematics of the emitting gas [20]. Most notable is the three-dimensional non-LTE radiative
transfer code MORELI [21]. MORELI uses pre-calculated departure coefficients of either [17]
or [22], but does not solve the statistical balance equations (SBE) in a self-consistent way.

[23] incorporated radiative transfer effects into a capture-collision-cascade (C3) model to
assess the effects of saturation on the level populations. They employed an n-model which
neglects the effects of the elastic collisions between angular momentum states, as opposed to an
nl-model in which they are included. [23] found that the effects of the radiative transfer on the
level populations of hydrogen are important.

2. Radiative transfer
The equation of radiative transfer (ERT) describes the radiation added to and subtracted from
a given ray as it travels through a medium and is given by

dIν
dl

= −κνIν + jν , (1)

where Iν is the specific intensity and l is the path along the ray. The volume emission and
absorption coefficients at the frequency ν are given by jν and κν , respectively. The source
function is defined as Sν = jν/κν .

The line emission coefficient jnm describes radiation added to the spectral line of the n→ m
transition due to spontaneous emissions and is given by
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where h is Planck’s constant, bnl is the departure coefficient of level nl, N∗
nl is the population of

level nl in LTE and Anl,ml′ is the Einstein A-value for the nl→ ml
′

transition.

The line absorption coefficient κmn gives the contribution of absorptions (Bmn) and
stimulated emissions (Bnm) to the emerging radiation field as
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where k is the Boltzmann constant and Te is the temperature of the free electron gas, which is
assumed to have a Maxwellian distribution.

From the definition in equation (3), it is clear that κmn can become negative if the number
of stimulated emissions exceeds the number of absorptions, thereby increasing the line intensity.
The term inside brackets in equation (4) is the correction for stimulated emission.

At low enough frequencies, when the continuum is significant, which usually occurs in the
Rayleigh-Jeans limit, the line and continuum radiation are formed together. This means the net
quantities (indicated by subscripts ν) in equation (1) must take into account the contributions
of both the line radiation and the continuum (indicated by subscripts c), so that

κν = κmnφν + κc, jν = jnmφν + jc . (5)

where the spectral line shape, assumed to be the same for emission and absorption, is described
by φν . A box profile with the same line centre maximum as the Doppler profile is assumed for
all lines in this work.

The net source function Sν is given by

Sν =
jnmφν + jc
κmnφν + κc

. (6)

For an homogeneous medium of thickness L the optical depth is given by

τν = −Lκν . (7)

In our models, the continuum absorption coefficient κc in the Rayleigh-Jeans regime is
calculated using the expression of [24]. The continuum emission coefficient is given by
jc = κcBν(Te), where Bν is the Planck distribution function.

3. The escape probability approach
When solving a C3-type model, such as described in [25], it is standard practice to use the Case
A/B assumption of [26]. This assumption has been found to work well for nebular conditions
where densities are low and line radiation is optically thin (τ � 1) [27]. In the other extreme, the
cloud is completely optically thick to all line radiation (τν � 1), so that all the level populations
have Boltzmann distributions and the mean intensity Jν = Bν .

The escape probability approximation (EPA) addresses the situation between these two
extremes: a portion of the radiation is trapped in the cloud and the rest is allowed to escape.
If the fraction of photons with frequency ν that escape the cloud is labeled βν , then the mean
intensity can be approximated by

Jν = (1− βν)Sν . (8)

Strictly speaking, βν depends on the full solution of the ERT and cannot be calculated
locally. However, if an approximation can be derived that depends only on the geometry and
local properties of the cloud and is independent of intensity, then the original problem is greatly
simplified.

The EPA has been used extensively to model molecular masers (see for example [28, 29, 30,
31, 32, 33]). In this work

βν = e−τν (9)

is used for the escape probability. This form of βν does not make any additional assumptions
regarding the geometry or the changes in transfer effects throughout the line profile and,
therefore, is appropriate to use if these details are not known.



4. The model
The EPA model used here is similar to that of [23] with some important improvements. Most
significantly, it includes the effects of the elastic collisions so the calculations are done with a full
nl-model. Also, the effects of free-free radiation on the level populations have been incorporated.
Nevertheless, we use the same form of the escape probability and general calculational approach.

Our atomic model is based on the C3 nl-model described in [25] that was adapted to
incorporate radiative transfer using the EPA as described in section 3. All atomic rates are
as described in [25].

The SBE are solved in the optically thin case (βν = 1 for all lines) to yield departure
coefficients that are equivalent to the ones given in [25] for Case A. From the calculated values
of bnl, the net absorption coefficients, emission coefficients and source functions are calculated
for each line using equations (2), (4) and (6).

The path length L is then increased and the optical depths and escape probabilities are
calculated from equations (7) and (9), respectively. The resulting mean intensities are calculated
for each line frequency using equation (8). The SBE are solved again with these values of Jν
incorporated into the rates of the absorption and stimulated processes. The process is repeated
for increasing increasing values of L.

values of L.

5. Results and discussion
5.1. Conditions for H masers
The pumping mechanism for hydrogen masers is the ionization-recombination cycle, so it is
important that the gas is ionized. Canonically, ionized hydrogen nebulae are taken at Te ∼ 104,
but mechanisms such as forbidden line emission due to high metallicity can cool the gas to much
lower temperatures than this while keeping the hydrogen mostly ionized, which occurs in some
nova shells. If the electron temperature is too high, the interactions between the free and bound
electrons become very fast and the populations of the bound electrons thermalize.

Spectral lines will exhibit high gain maser action if the conditions are such that stimulated
emissions become the dominant atomic process and τν < −1. This requires large column
densities along the lines of sight, which can be achieved with either high number densities of
hydrogen atoms or long path lengths. Masers require velocity coherence along the amplification
path, so there is an upper limit on the path length. The model results show that a path length of
L ∼ 1016 cm is required to have maser action at a density of 106 cm−3. Each order of magnitude
decrease in Ne results in about an order of magnitude increase required in L to produce the
same amplification.

5.2. General trends
Fig. 1 shows how the intensities change as the path length is increased in the model at frequencies
of various Hnα transitions. For small path lengths, the intensities at all frequencies increase
linearly with path length, as is expected for optically thin lines. The behaviour of the line
intensities change at the point when |τν | > 1 in one of two ways, depending on whether τν is
positive or negative.

For the conditions shown in Fig. 1, the lines with n ≥ 40 have positive optical depths. The
level populations for these lines are not strictly inverted, but are “overheated” as discussed in
[16]. The upper level of these lines are overpopulated with respect to the LTE populations
so that the lines are enhanced by stimulated emissions even though the absorption coefficients
for these lines are positive. These intensities increase linearly with path length until the cloud
becomes larger than their characteristic path length (for which τν = 1). Once they are optically
thick, their intensities remain constant as the size of the cloud is increased, because they cannot
be observed from deeper in the cloud than their characteristic path length. The lower frequency



(higher n) lines become optically thick first as L is increased, since the absorption coefficients
increase with n beyond the masing lines.

The optical depths of the H15α and H20α lines are negative and their intensities start to
increase exponentially with path length when τν < −1 and maser action sets in. The optical
depth of the H5α line is also negative, but τν > −1 at the path length where the model is
terminated.
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Figure 1. The change of the intensities at
frequencies of various Hnα transitions with
path length for a gas at Te = 104 K and
Ne = 108 cm−3.
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Figure 2. Intensities at the frequencies
of Hnα transitions with respect to principal
quantum number for a gas with Te = 104 K
and Ne = 108 cm−3 for different path lengths.

Fig. 2 shows the intensities at Hnα line frequencies for a gas with Te = 104 K and
Ne = 108 cm−3 as a function of n for different path lengths. The intensities increase universally
from the optically thin values as L is increased as was also illustrated in Fig. 1. As L increases, the
lines become optically thick from high values of n, and then do not increase further. If the path
length becomes large enough that τν < −1 for some lines, a bump starts to appear, indicating
maser action in the affected lines. As the path length is increased further, the intensities of
the masing lines increase significantly with L as the degree of saturation for the masing lines
increases.

6. Conclusions
Hydrogen recombination masers are a relatively new field of study with only a small number of
examples detected so far. There are some important differences between molecular and atomic
hydrogen masers, both on the macro scale, such as in the environments where they form, and at
the atomic level, such as in the pumping mechanism and the mutual interaction of many masing
lines. The theoretical framework for these objects is still developing and the aim of this paper is
to contribute to our understanding by constructing a theoretical model that specifically focuses
on the atomic process rather than the geometry and kinematics.

The modeling of masers has some inherent complexities, due to having to solve simultaneously
both the local level populations of the masing species, and the non-local radiative transfer of
the line photons. Simplifying assumptions, such as the EPA used here, are often employed to
make the solutions tractable.

A model for hydrogen recombination masers using the EPA has been constructed to evaluate
the general behaviour of hydrogen emission from clouds with conditions where masing is possible.
The model results correspond well to our current understanding of how masers grow with
increasing path length.
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