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Abstract

In order to understand nuclear matter at high temperatures and densities formed in heavy ion collisions,
it is useful to use statistical-thermal models to analyze the final state. We apply the hadron resonance
gas model and its extension to include the Hagedorn spectrum [1]. The Hagedorn temperature, TH is
determined from the number of hadronic resonances including all mesons and baryons. This leads to the
result TH = 174 ± 11 MeV consistent with the critical and the chemical freeze-out temperatures at zero
chemical potential.

We have also made additions to THERMUS [2] by including charm and bottom hadrons from the
particle data table [3]. Then, we analyze and discuss the hadronic abundances measured in proton-proton
(p-p), gold-gold (Au-Au) and lead-lead (Pb-Pb) collisions at Relativistic Heavy-Ion Collider (RHIC) and
Large Hadron Collider (LHC) experiments using THERMUS. The THERMUS results obtained with the
2002 particle data table and new particle data table (2008 particle data table) and their differences are
discussed. In particular, the data from the RHIC experiment for Au-Au collisions at 130 GeV and 200
GeV [4] are discussed and analyzed. Similarly, using the preliminary particle yield results of p-p collisions
at 0.9 TeV and 7 TeV as well as Pb-Pb collision at 2.76 TeV [5, 6, 7] are presented and the thermodynamic
parameters are obtained from the fit are discussed.

1 Introduction

The study of relativistic heavy ion collisions combines nuclear physics with elementary particle physics. High-
energy nuclear collisions provide a way of analyzing the properties of hot and dense hadronic matter in terms
of elementary interactions. The theory behind strong interactions, namely Quantum Chromodynamics (QCD),
enables us to understand how hadronic matter will turn into a plasma of deconfined quarks and gluons at
high density. The ultimate goal of the continuous experimental and theoretical efforts is to search for the
phase transition from hadronic matter to a Quark-Gluon Plasma (QGP) [8, 9]. The central objective of the
experimental program in heavy ion collisions at high energies is to reproduce matter as it would have been just
after the birth of the universe.
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In the last 30 years, nuclear collision energies have increased from a few MeV/nucleon for fixed targets to the
current collider energies with world wide collaborations. As the energy of the collision is increased, the relevant
degrees of freedom change. At the lowest collision energies, the nucleus remains unchanged or is broken up
into light nuclear fragments. As the thresholds for particle production are passed in many stages, some of the
energy of the system may go into producing new particles, such as pions or kaons. At higher collision energies,
the relevant degrees of freedom are expected to be quarks and gluons rather than hadrons 1, forming the QGP
[9].

In this paper, we will focus mainly on the use of statistical thermal models for the hadron particle multiplic-
ities in elementary and relativistic heavy ion collisions. We used the statistical thermal models, i.e., hadron
resonance gas model, extended hadron resonance gas model and THERMUS statistical models. These models
have been implemented, analyzed and discussed for the results of SPS, AGS, GSI, RHIC and LHC experiments
in [5, 10, 11, 12, 13]. For this paper the units are listed in the footnote 2.

In the first part, we mainly discuss the Hagedorn spectrum and analyze the results. The Hagedorn tempera-
ture, TH , is determined from the number of hadronic resonances including all mesons and baryons. This leads
to a stable result TH = 174 ± 11 MeV consistent with the critical and the chemical freeze-out temperatures
at zero chemical potential [14]. Then, we discuss the results from the extension of the THERMUS code [2] by
including charm, c and bottom, b quarks in the particle data table. THERMUS uses the statistical thermal
model to analyze experimental results. The statistical thermal model assumes that at freeze-out all hadrons
are in the hadron gas. In this paper, we mention and state the statistical formalism using the statistical
thermal model and explain how to use and implement THERMUS with the 2008 particle data table; and com-
pare some of the results with those literature [15]. Furthermore, we study particle yields and particle ratios
as a function of the collision energy by assuming that particle production takes place along the freeze-out curve.

2 The Hagedorn spectrum

In 1965 Hagedorn [1, 16] postulated that for large masses m the spectrum of hadrons grows exponentially,
ρH(m) ∼ exp(m/TH). The hypothesis was based on the observation increase of energy in collisions no longer
raises the temperature of the formed fireball, but results in more and more particles being produced. Thus,
there is a maximum temperature that a hadronic system can achieve. There exists uncertainty as to the value
of the Hagedorn temperature, TH which have two origins:� Sparse information about hadronic resonances above 3 GeV and,� The analytical form of the Hagedorn spectrum.

Recently, Hagedorn spectrum is rewritten as

ρH(m) =
c

(m2 +m2
0)

5/4
exp

(

m

TH

)

. (1)

This model uses m0 = 0.5 GeV, it is adopted from this paper [17]. The number of states for particle data table
arranged in terms of their masses with some hadron gas resonances. In figure below to the left side
(blue: mesons and red: baryon).

1Hadron is a generic name of a class of particles which interact strongly with one another.
2Our units are ~ = c = k = 1, where ~, c and k are the Planck constant divided by 2π, the speed of light and Boltzmann

constant respectively. The metric tensor is defined by gµν = diag(+1, −1, −1, −1).
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The spectrum of hadrons up to higher masses is given by,

ρ(m) =
∑

i

giδ(m−mi), (2)

where gi is the degeneracy factor for hadron state i.

The result of the parameters using Eq. 1 for the Hagedorn spectrum state given below:
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3 Review of THERMUS

THERMUS is a package of C++ classes and functions allowing statistical thermal model analyzes. It is writ-
ten by S. Wheaton [2] to be used within the ROOT [18] framework of analysis. The statistical thermal model
assumes a hadron gas at chemical freeze-out.
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There are other codes, e.g., the Statistical Hadronization with Resonances (SHARE) [19], which is also a col-
lection of programs designed for the statistical thermal analysis of particle production in relativistic heavy ion
collisions. With the input of intensive statistical parameters, it generates ratios of particle abundances. An-
other successful code is the Therminator: Thermal heavy-Ion generator [20]. It is an event generator designed
for studying particle production in relativistic heavy ion collisions obtained at facilities such as the GSI, SPS,
RHIC, and LHC, it uses the statistical thermal model. The program implements thermal models of particle
production with a single thermal and chemical freeze-out temperature which coincide.

THERMUS has three distinct thermal model formalisms. The first is grand-canonical ensemble, where baryon
number (B), strangeness (S), charge (Q), charm (C) and bottom (b) are conserved on average. The next
formalism is a strangeness-canonical ensemble in which strangeness is exactly conserved, while B, Q, C and b
are treated grand-canonically, finally, a canonical ensemble in which B, S and Q are conserved exactly. Fur-
thermore, it takes into account decay chains and detector efficiencies. These enable sensible fitting of model
parameters to experimental data.

The source code of the THERMUS package is available in [2] and has been extended by S. Wheaton so that
additional quantum numbers can be included in the code 3; note that most of the additional particles are charm
and bottom with the corresponding decay elements. It can treats charm and bottom grand-canonically. First,
we will mention and state the statistical formalism for the extension of THERMUS, then proceed to explain
how to use the 2008 particle data table and discuss the results and compare with previous results [15].

4 The Statistical Formalism

The hadron gas partition function contains all the thermodynamic information of the system. The choice of
partition function depends on the statistical ensemble. Next, we shall use the grand-canonical ensemble in this
chapter and implement it with the 2008 particle data table in THERMUS.

In the grand-canonical ensemble, there are several parameters to characterize the system. These are temper-
ature, chemical potential, volume and non-equilibration factors. The hot dense matter produced in nucleus-
nucleus collision is large enough to be described by the grand-canonical ensemble.

In the grand-canonical ensemble, energy and quantum numbers are conserved on average through the temper-
ature, T and the chemical potentials, µ. The logarithm of the total partition function for a multi-component
hadron gas of volume V and temperature T is given by

lnZGC(T, V, µ) =
∑

i

giV

(2π)3

∫

d3p ln
(

1± e−β(Ei−µi)
)±1

, (3)

where gi and µi are the degeneracy and chemical potential of hadron species i, β ≡ 1/T , while Ei =
√

p2 +m2
i ,

with mi being the particle mass. The plus sign refers to fermions and the minus sign to bosons.

In this ensemble, we considered the conservation of the quantum numbers i.e., B, S, Q, C and b. The chemical
potential for hadron species i is given by

µi = BiµB + SiµS +QiµQ + CiµC + biµb, (4)

3The extended source code was written by S. Wheaton.
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where Bi, Si, Qi, Ci and bi are the baryon, strangeness, charge, charm and bottom number, respectively, and
µB, µS, µQ, µC and µb are the corresponding chemical potentials for the conserved quantum numbers. This
ensemble is widely used in applications to heavy ion collisions [21, 22, 23, 24, 25, 26, 27, 28]. The fugacity for
each of these chemical potentials is defined as λ ≡ eµ/T .

The density of hadron species i with quantum numbers Bi, Si, Qi, Ci and bi, spin-isospin degeneracy factor gi,
and mass mi, emitted directly from a fireball at temperature T is

ni(T, {µ}, {γ}) = gi

∫

d3p

(2π)3

[

γTλT e
√

m2

i
+p2/T ± 1

]−1

, (5)

where
{µ} = {µB, µS, µQ, µC , µb}, {γ} = {γs, γc, γb}, γT = γ−|Si|

s γ−|Ci|
c γ

−|bi|
b ,

and
λT = λ−Bi

B λ−Si

S λ−Qi

Q λ−Ci

C λ−bi
b .

In addition to the fugacities already introduced, we include γs, γc and γb raised to the power −|Si|, −|Ci|
and −|bi| (with |Si|, |Ci| and |bi| the number of strange, charm and bottom and anti-strange, anti-charm
and anti-bottom quarks in hadron species i respectively), to allow for possible incomplete equilibration in the
strange, charm and bottom sectors [29]. In Eq.(5) quantum statistics is taken into account. In the Boltzmann
approximation, the density can be calculated analytically in the form of a second order modified Bessel function
of the second kind

ni(T, {µ}, {γ}) =
gi
2π2

m2
iTλ

−1
T γ−1

T K2

(mi

T

)

. (6)

Since the use of quantum statistics requires numerical integration (or an evaluation of infinite sums), while
Boltzmann statistics can be implemented analytically, it is advisable to identify those regions in which quantum
statistics deviate greatly from Boltzmann statistics. In most applications of the statistical thermal model, only
a small region of the µ− T parameter space is of interest. From the freeze-out condition [15], it is evident for
pions quantum statistics must be implemented at all but the highest energies, while, for kaons, the deviation
peaks at between 1 and 2%. For all other mesons, the deviation is below the 1% level. For baryons, the
deviation is extremely small for all except the nucleons at small

√
s.

Numerically, when quantum statistics are used, care has to be taken to exclude Bose-Einstein condensation.
The Bose-Einstein distribution function diverges if,

eβ(mi−µi) ≤ 1. (7)

Such Bose-Einstein condensation doesn’t happen, provided that the chemical potentials of all bosons included
in the resonance gas are less than their masses (i.e. µi < mi)[15].

The chemical potentials µS, µQ, µC and µb are typically constrained in applications of the model by the initial
strangeness, baryon-to-charge ratio, charm and bottom.

5 Extended THERMUS Particle Set

As mentioned earlier, in the extended particle data table (2008 particle data table), the charm and bottom
hadrons are included. Thus, we will make a comparison with the previous THERMUS particle data table (2002
particle data table). When we look at the number of states for the two particle data tables as shown in Fig. 1
respectively, we count how many resonances exist in the intervals (0, 0.2), (0.2, 0.4), (0.4, 0.6),...,(10.0, 11.1) GeV
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Figure 1: The number of states for hadron particle data table 2002 arranged in terms of their masses, included are baryons (red)
and mesons (blue) with u, d and s quarks up to 2.6 GeV, N(2600)+. The updated number of states for particle data table is
2008, it includes the c and b quarks up to 11.019 GeV, Υ(11020)0 (blue: mesons, red: baryons).

and then plot these numbers with respect to mass (the mass is defined as the center of the interval). In addition
to the first method, we presented in Fig. 1, to observe the difference between the two particle data tables and
their number of states, also applied a second method to show their difference; that is, we add the number of
resonances in the intervals (0, 0.2), (0, 0.4), (0, 0.6), ..., (0, 11.1) GeV. Then, plot these numbers versus mass
(the mass is defined as the center or the upper value of the interval) as shown in Fig. 2. These plots are clearer
to notice the difference from the first method as we presented in Fig. 2. From Figs. 1 and 2, the number of
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Figure 2: Logarithm of the number of states for particle data table 2002 and 2008 [15] in terms of their masses.

states and the corresponding logarithm increased from the previous particle data table. In Figs. 1 and 2, these
changes come from the contributions of charm, bottom and newly included resonances in the 2008 particle
data table. Furthermore, the empty gap as shown in Fig. 2 between 6 GeV - 9.5 GeV have not filled in by
recent experiments. The responsible for this empty gap might be due to the detectors have seen those particles
in order to fill in the empty gap. Based on these highlights, we will discuss the method to implement the
extension of THERMUS based on the 2008 particle data table.
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6 How to use The Extended THERMUS?

In this section, we will outline how to use THERMUS with the 2008 particle data table. Three distinct statisti-
cal ensembles are included in THERMUS, and the additional options to include quantum statistics, resonance
width and excluded volume corrections are also available.

THERMUS has a default particle list which includes all mesons (up to the Υ(11020)0, previously, it was up to
K∗

4 (2045)) and baryons (up to the Ξ0
b , previously, it was up to Ω−) listed in the 2002 and 2008 Particle Physics

Booklets [3, 30].

THERMUS has been tested using the 2008 particle data table and the decay files. The TTMParticleSet con-
structor now takes an additional argument Bool t CB Included which must be set to true. Here is the format
with THERMUS a particular example of Ξ−

b from 2008 particle data table:

root [1] TTMParticleSet

set("$/THERMUS/extended_particles/PartList_PPB$2008$_CB.txt",true)

root [2] set.InputDecays("$/THERMUS/extended_particles/",true)

root [3] TTMParticle *part = set.GetParticle(5232)

root [4] part->List()

********* LISTING FOR PARTICLE Xib- *********

ID = 5232 // Particle ID

Deg. = 2 // degeneracy

STAT = 1 // Fermi-Dirac statistics

Mass = 5.7924 GeV

Width = 0 GeV

Threshold = 0 GeV

Hard sphere radius = 0

B = 1 // B = Baryon

S = -1 |S| = 1 // S = Strange

Q = -1 // S = Charge

Charm = 0 |C| = 0 // C = Charm

Beauty = -1 |b| = 1 // b = Beauty

Top = 0 |T| = 0 // T = Top

STABLE

**********************************************

The first line, root [1] loads the 2008 particle data table; the second line, root[2] loads the input decays of the 2008
particle data list. The third, root [3] and fourth, root [4] can get particles from the 2008 particle data table and
lists the particle respectively [15]. The latest version of the THERMUS package with both particle data tables is found
in this link: http://www.phy.uct.ac.za/courses/
staffwebsites/wheaton/THERMUS/SourceDownload.html.
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7 Results and Discussions

This section presents results based on the 2008 particle data table and makes comparisons with results obtained using
the 2002 particle data table. Note that the 2008 particle data table has not yet been implemented to be used for the
other two ensembles, (the canonical and strangeness-canonical ensembles). In this chapter, all calculations use the
grand-canonical ensemble.

The emphasis of our investigation is to establish quantitatively the similarities and differences in the production
and contributions of particles observed in the elementary and heavy ion collisions. In the following subsection using
THERMUS, we will discuss and analyze hadron particle yields and ratios as well as obtain the corresponding thermo-
dynamic parameters with both particle data tables based on THERMUS fit. We analyze the RHIC [31, 32, 33, 34]
and LHC [5, 6, 7] results using THERMUS, and compare the results for both particle data tables. THERMUS fits the
experimental data in order to obtain the thermodynamic parameters.

We present results from the STAR experiment for Au-Au collisions at 200 GeV. The data has been used and analyzed
previously in [35, 36, 4]. Our results using the STAR densities at mid-rapidity for various hadron species in the cen-
trality region (0 − 6%) for Au-Au collision results at 200 GeV are shown in Fig. 3 (a) and (b). In these figures, the
K±, p, and p̄ yields are given in [31, 32], while all other particles are derived from the measured values by centrality

interpolations 4 described in reference [4] Section II A; these are π±, φ, Λ, Λ̄, Ξ− and Ξ̄+.

Similarly, Fig. 3 (a) and (b) show STAR rapidity densities of various hadrons in Au-Au collisions at 200 GeV at centrality
(0− 6)% [4]. The experimentally measured values have been obtained from references [34, 37, 38]. The STAR data for
p and p̄ rapidity densities also include weak feeding from (multi-)strange hyperons [34]. The comparison between the
model and STAR particle yields are presented in Fig 3.
The residual is defined as the ratio between the difference in Experiment (E) and Model (M) value and the experimental
error value (R), i.e.,

Residual ≡ E− M

R
. (8)

Using Eq. (8), we compare the particle yield results for both particle data tables with the experimental results for
Au-Au collision 200 GeV. The results are presented in 3.

The available data from RHIC experiment for Au-Au collision 200 GeV [4] were compared with THERMUS. The
particle yields for various hadron species and the thermodynamic parameters are given for both particle data tables
in Fig 3. The Fits to STAR data at 200 GeV show almost no difference between the experiment and THERMUS.
Furthermore, we have removed some hadron species (for exampleΛ’s and φ) from the fits in order to obtain a best fit;
and the resulting fit thermodynamic parameters were modified slightly within the errors of the parameters.

According to results in Fig. 3(b), the results obtained with the 2008 particle data table show smaller freeze-out tem-
peratures than the 2002 particle data table. Clearly, this is caused by increasing the radius of the system, which then
causes a decrease of the freeze-out temperature. Thus, the variation of the radius obtained from the fit contributes
greatly to the difference between the two particle data tables. This also makes a contribution to changing the freeze-out
temperature and other thermodynamic parameters. In addition, THERMUS best fit parameters at chemical freeze-out
results are different from [4].

In general, the results presented in Fig. 3, THERMUS overestimates most of the particle yields and underestimates
Λ and φ yields at 200 GeV; THERMUS fits the experimental particle yield very well, in addition, we presented the
residual analysis for both particle data tables and compared with experimental values in Fig. 3. Most of our residual

4Particle rapidity densities are sometimes measured in specific centrality windows which are different for various experiments.
Hence, to perform an appropriate analysis of the full data set, one has to find a proper method in order to estimate rapidity
densities for various hadronic species in the same centrality window.
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Figure 3: Figure (a) and (b) showing the comparison between rapidity densities in the combined fit and rapidity densities
measured by STAR [4] for central Au-Au collision at 200 GeV and the corresponding thermal fit parameters are given for both
particle data tables. Similarly, the comparison between rapidity densities in the combined fit and rapidity densities in terms of
the residuals are presented for both particle data tables.

results are in the range −1 to 1 within the error bar; therefore, THERMUS results give a better fit to the RHIC
experimental data than those explained in [4].

Based on the ALICE central rapidity densities for the p-p collisions at 900 GeV and 7 TeV [5, 6, 7] for different hadron
species, the corresponding predicted values are shown in Fig. 4. Based on the results shown in the Fig. 4, we noticed
that the thermal fit parameters were also different for both particle data tables. However, the predicted particle ratios
show similar results for both particle data tables.

Our results are presented in Fig. 4 for the particle ratios of the preliminary LHC results of the p-p collisions at 900
GeV and 7 TeV. The corresponding fitted thermodynamic parameters are listed in Tables 1 and 2. In conclusion, the
thermal fit results from p-p collisions at 900 GeV and 7 TeV are in good agreement with THERMUS. The particles
containing strangeness particles such as Ξ/π, Ω/π and Ω/Ξ were not fitted well compared to other particle ratios.

The recent experimental results at LHC for p-p collisions at 900 GeV and 7 TeV [5, 6, 7] have been analyzed using
THERMUS. We have used preliminary results and analyzed the corresponding thermodynamic parameters from parti-
cle yield results. The fitted thermodynamic parameters are presented in Fig. 4; the corresponding fitted thermodynamic
parameters are given Tables 1 and 2.

The thermal parameters obtained with the THERMUS fit to the experimental data for p-p collisions are stable in
some ranges. In particular, the freeze-out temperature is between 150 MeV and 175 MeV while the beam energy
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Figure 4: Particle yield results using the two particle data tables for the rapidity densities of the preliminary measured results
from ALICE [5, 6, 7] for central p-p collision at 900 GeV and 7 TeV. The thermal fit parameters are listed in Table 1.

Table 1: The predicted thermal fit parameters for p-p collision at 900 GeV on ALICE [5, 6, 7]. The fit results were obtained
from both THERMUS particle data tables (where THERMUS 2002 particle data table, Fit (2002) and THERMUS 2008 particle
data table, Fit (2008)).

Parameters Fit (2002) Fit (2008)
T (GeV) 0.152± 0.002 0.154± 0.002
µB (GeV) 0.001 (fixed) 0.001 (fixed)
µS (GeV) 0.0 0.0
µQ (GeV) 0.0 0.0

γs 0.733± 0.041 0.707± 0.042

Table 2: The predicted thermal fit parameters for p-p collision at 7 TeV on ALICE [5, 6, 7]. The fit results were obtained from
the two particle data tables.

Parameters Fit (2002) Fit (2008)
T (GeV) 0.150± 0.002 0.152± 0.002
µB (GeV) 0.001 (fixed) 0.001 (fixed)
µS (GeV) 0.0 0.0
µQ (GeV) 0.0 0.0

γs 0.714± 0.023 0.697± 0.023

changed over several orders of magnitude. This occurred over a wide range of energies, different collision systems
and parameters. The freeze-out temperature, strangeness saturation factor, radius, baryon chemical potential and
strangeness chemical potential have been well parameterized with small uncertainties. They have also been compared
with [39, 40] as a function of energy. In many ways, this remarkable success in describing the data with a few simple
statistical parameters can be viewed as an indication that the particles in these collisions were indeed produced in a
thermally and chemically equilibrated system.
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8 Summary

We have analyzed and discussed the hadron abundances measured in Au-Au and p-p collisions at RHIC and LHC ex-
periments using THERMUS; our results for hadron abundances are in agreement with a thermally equilibrated system.
The results were obtained with the 2002 and 2008 particle data tables and their differences have been explained in this
chapter. In particular, the data from the RHIC experiment for Au-Au collisions at 200 GeV have been discussed and
analyzed. Similarly, using the preliminary particle ratios result in p-p collisions at 0.9 TeV and 7 TeV, the particle
yield predictions and thermodynamic parameters obtained from the fits have been presented.

THERMUS has also been used to describe the particle ratios using the two particle data tables. The 2008 particle
data table can be used to perform more analysis of particle ratios for lighter and heavier hadron masses obtained from
elementary and heavy ion collisions [3]. We have analyzed our results using the previous freeze-out curve parame-
ters [39, 41, 42] for 2008 particle data table. Thus, THERMUS needs a new recalculation of the freeze-out curve in
order to obtain a better thermal fit results than the present ones.
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