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Abstract. In a recent paper we calculated the field equations of spin-3/2 fields in a D-
dimensional Reissner-Nordström black hole spacetime whilst maintaining the gauge symmetry
of the Rarita-Schwinger equation. We were also able to determine the quasi-normal modes
of the associated gauge invariant variables using the WKB approximation and the asymptotic
iteration method (AIM). However, it was found that for higher dimension, and especially for
the near extremal cases, the effective potential developed another maximum. The shape of the
potential posed difficulties for the WKB approximations, as well as the AIM. As such, in these
proceedings we explore the connection between the AIM and the continued fraction method,
and determine a possible reason for the difficulty in calculating the quasi-normal modes for
spin-3/2 fields in this spacetime.

1. Introduction
The Rarita-Schwinger equation describes the equations of motion of spin-3/2 fields on a Reissner-
Nordström (RN) spacetime by making use of a supercovariant derivative, that is:

γµναD̃νψα = 0, (1)

where
γµνα = γµγνγα − γµgνα + γνgµα − γαgµν (2)

is the antisymmetric product of Dirac matrices, ψα is the spin-3/2 field and

D̃µ = ∇µ +
1

2

√
D − 3

2(D − 2)
γρF

ρ
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i

4
√

2(D − 2)(D − 3)
γµρσF

ρσ (3)

is the supercovariant derivative calculated in Ref.[1]. This equation preserves the gauge
invariance of the Rarita-Schwinger equation that was noted in Refs.[2, 3]. However, when
attempting to calculate the quasi-normal modes (QNMs) several parameter choices do not lead
to convergent or reliable numbers when using the WKB approximation and the asymptotic
iteration method (AIM) [1].

For the WKB approximation it was found that unreliable QNM results were those where the
parameter choices led to higher order terms dominating over the lower order terms. Recall that
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the WKB approximation is generated from a series expansion, and as such results where higher
order terms dominate over lower order ones cannot be considered reliable. As for the AIM, the
results did not converge for such choices of parameters, making them unreliable also, where it
was found that as the number of iterations in this method were increased, these results did not
converge to any one number. As such, in our previous work [1], no numbers for these QNMs
were given for such parameter choices.

It was proposed that this peculiar behaviour was due to a second maxima developing in the
effective potential, where this was clearly visible in higher dimensions (D > 7) and when the
charge of the black hole approached its extremal value. Given that the WKB approximation,
when applied to black hole studies, involves expanding the potential around its maximum value
and then matching two WKB solutions from either side of this maximal region of the potential,
having two maxima renders the approximation unreliable in its current form. However, it
remains unclear as to why the AIM would break down, given all previous investigations have
found it to be quite stable [4, 5, 6].

As such, it is the aim of this proceedings to investigate these unreliable quasi-normal
frequencies with a third method for calculating QNMs, that of the continued fraction method
(CFM) [7], and to test the claim that the AIM and the CFM are connected [8].

2. The spin-3/2 fields equations in a RN spacetime
Using the line element for the RN spacetime,

ds2 = −fdt2 +
1

f
dr2 + r2dΩ̄2

D−2, (4)

where f = 1− 2M/rD−3 +Q2/r2D−6, and dΩ̄D−2 denotes the metric of the D− 2 sphere (over-
bars will represent terms from this metric), our wave functions for the spin-3/2 fields can be
constructed from “non TT eigenmodes” and “TT eigenmodes” [1, 2].

Focussing on the non-TT eigenfunctions, where a large number of the unreliable QNMs were
observed in Ref.[1], the radial and temporal wave functions can be written as:

ψr = φr ⊗ ψ̄(λ) and ψt = φt ⊗ ψ̄(λ), (5)

where ψ̄(λ) is an eigenspinor on the D−2 sphere with eigenvalue iλ̄ given by λ̄ = (j+(D−3)/2),
where j = 3/2, 5/2, 7/2, . . .. Our angular wave function is written as:

ψθi = φ
(1)
θ ⊗ ∇̄θiψ̄(λ) + φ

(2)
θ ⊗ γ̄θiψ̄(λ), (6)

where φ
(1)
θ , φ

(2)
θ are functions of r and t which behave like 2-spinors.

Using the Weyl gauge, φt = 0, we introduce a gauge invariant variable

Φ = −
(√

f

2
iσ3 +

iQ

2rD−3

)
φ
(1)
θ + φ

(2)
θ , (7)

to determine the independent equations of motion. Component-wise we can write Φ as:

Φ =

(
φ1e
−iωt

φ2e
−iωt

)
, (8)

where φ1 and φ2 are purely radially dependent terms. To simplify the equations we further set

φ1 =

(
D − 2

2

)2

f −
(
λ̄+ C

)2
Br(D−4)/2f1/4

φ̃1 and φ2 =

(
D − 2

2

)2

f −
(
λ̄− C

)2
Ar(D−4)/2f1/4

φ̃2. (9)

Proceedings of SAIP2018

SA Institute of Physics ISBN: 978-0-620-85406-1 255



This leads to a set of decoupled second-order differential equations in the tortoise coordinates,
defined by dr∗ = dr/f(r):

− d2

dr2∗
φ̃1 + V1φ̃1 = ω2φ̃1, (10)

− d2

dr2∗
φ̃2 + V2φ̃2 = ω2φ̃2,

where V1,2 = ±f(r)dW/dr +W 2 and

W =
(D − 3)

√
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[
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2

D − 2
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D − 2

2

(
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) ]

− D − 4

r(D − 2)
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2

√
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and C = (D − 2)

Q

2rD−3
. (12)

3. The asymptotic iteration method
In our previous works we had used the AIM to generate some of our QNMs. In the AIM we
first single out the asymptotic behaviour, which is due to the QNM boundary condition that
the wave function must have the form of φ̃1 ∼ e±iωr∗ . Our first step is to determine the tortoise
coordinates for the specific spacetime we are considering, that is the spacetime for specific values
of Q and D. Plugging this into the wave function we then transform our wave function to the
coordinates

ξ2 = 1− r+
r
, (13)

where r+ =
(
M +

√
M2 −Q2

)1/(D−3)
, such that ξ ∈ [0, 1]. Once our wave function has been

written in terms of this new coordinate ξ we separate out the asymptotic behaviour and write
our wave function as φ̃1 = β(ξ)χ(ξ), where β(ξ) contains the asymptotic behaviour. In the case
of Q = 0 and D = 4 we have that the wave function is written as

φ̃1 = ξ4iMω
(
1− ξ2

)−2iMω
e

2iMω
1−ξ2 χ(ξ). (14)

The lowest order coefficients on the AIM can be obtained as:
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+
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where we have let

β(ξ) = ξ4iMω
(
1− ξ2

)−2iMω
e

2iMω
1−ξ2 , (16)
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and f(x) = 1− 2M/xD−3 +Q2/x2D−6. As such the AIM differential equation is:

d2χ

dξ2
= λ0(ξ)

dχ

dξ
+ s0(ξ)χ. (17)

The higher order λ and s can be calculated from the relations:

λn = λ′n−1 + sn−1 + λ0λn−1 and sn = s′n−1 + s0λn−1, (18)

with the quasi-normal frequencies, ω, being obtained from the equation:

snλn+1 − sn+1λn = 0. (19)

Iterating this method for a sufficiently large number of iterations, the QNMs usually become
stable, indicating that we have found the ω we are looking for. However, this was not the case
for several modes in our previous work [1].

As was noted in Ref.[8], the AIM and CFM are closely connected. However, the
correspondence espoused by Ref.[8] is overly simplistic given it only links two of the three terms
of the typical CFM recurrence relation to the λ0 and s0 of the AIM. The third term remains
unrelated (see Eq. (4) of Ref.[7]), despite its key role (see αn defined below). Furthermore, it
was noted in the earlier works on the CFM (see Ref.[7, 9]), that the coefficients should only
depend on parameters, not variables, as is the case for the λ0 and s0 defined in this scenario.

4. The continued fraction method
To analyse the connection between the CFM and AIM, we first recall that in the original work
on the CFM, where a power series expansion of the wave function was done after the removal
of asymptotic behaviour (cf. Eq. (14) above), that is:

χ(ξ) =
∞∑
n=0

an

(
1− 1

ξ

)n
, (20)

where χ is the wave function of the AIM differential equation, Eq. (17). The expansion
coefficients, an, are then defined by a three-term recurrence relation:

αnan+1 + βnan + γnan−1 = 0, n = 1, 2, . . . (21)

The recurrence coefficients are in this case:

αn = n(n+ 1),

βn = −nξ(2 + λ0ξ), (22)

γn = −s0ξ4

Note though that these coefficients should not depend on ξ [9], and furthermore γn has no n
dependence, yet in Ref.[8] it was the αn which was undefined in their correspondence (though we
do see here that it is unrelated to the λ0 and s0 functions of the AIM). Furthermore, due to the
complicated functionality of λ0 and s0, it would seem impossible to remove all ξ dependencies
from these coefficients, in general, even for other possible power series expansions. This could
be why the AIM could not give reliable QNMs for higher dimension and near extremal cases, as
these represent the most complicated forms for λ0 and s0.
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If it were possible to compute the quasi-normal frequencies, they would be the complex values
of ω for which the series defined by [7]

F (ω) = − γ1

β1 −
α1γ2

β2 −
α2γ3

β3 − . . .

, (23)

converges uniformly as ξ →∞ (where the convergence of this series is a separate issue from the
convergence of the continued fraction). This analytic function is empirically found to converge
for all ω that are not purely positive imaginary. This restriction is related to the absence of a
minimal solution to recurrence relations, Eq. (21) [7].

Now when ω is a QNM, ωn, the sequence of the expansion coefficients is the minimal solution
to the recurrence relation, Eq. (21), and the ratio of the first two expansion coefficients is equal
to the value of this continued fraction:

a1(ωn)

a0(ωn)
= F (ωn). (24)

Since this ratio is also given for any ω, we then have the equation

F (ωn) = −β0(ωn)

α0(ωn)
, (25)

which holds whenever ω is a QNM. However, whenever ω is not a QNM (and also not purely
positive imaginary), the continued fraction still converges and the expression

β0(ω)

α0(ω)
+ F (ω) (26)

is an analytic function of ω whose zeroes are the QNMs. Note that being analytic makes this
expression an ideal target for a numerical root search.

However, that the recurrence coefficients cannot seemingly be found in a ξ independent way
means the whole CFM is not applicable [9]. And whilst we have shown that the AIM and CFM
can be related, though not as trivially as espoused in Ref. [8], this correspondence breaks down
when the recurrence coefficients do not depend solely on the parameters, but retain a variable
dependence. This breakdown of a correspondence between the AIM and the CFM could explain
the inability of the AIM to converge in this case, and warrants further investigation.
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