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Abstract. In Kohn-Sham Density Functional Theory, the interacting system is mapped onto
a fictitious independent particle system. In an ensemble continuous particle number formulation
the exchange-correlation contribution to the potential of the independent particle system has a
discontinuity as a function of particle number at integer particle numbers. This discontinuity
is equal to the difference between the fundamental gap of the interacting system and the
independent particle system. As the exchange-correlation depends on the Kohn-Sham potential,
we numerically investigate the exact Kohn-Sham potential as a function of particle number
(either integer or fractional) for a finite dimensional Hubbard model and compare the exact
results to a local density approximation to the exchange-correlation functional.

1. Introduction
First introduced by Thomas and Fermi [1] in 1927 and placed on a formally sound base by
Hohenberg and Kohn [2] and then formulated in a more practical form by Kohn and Sham
[3] in the mid 1960’s, Density Functional Theory (DFT) turned out to be a powerful tool for
investigating the electronic structure of atoms, molecules or in general a many-electron system.
It is mainly used in the material sciences, physics and chemistry. Discussions around DFT
formalism, and even doubt about the existence of a well defined exchange-correlation (XC)
potential [4] used to explained the problem of calculating the fundamental band gaps [5, 6]
encountered in insulator and semiconductor materials, is ongoing. The exact DFT functionals
are not known and in practice approximations have to be made to implement DFT. For models
where the interacting many particle Hamiltonian can be solved exactly, an exact numerical
solution for the fictitious single particle Kohn-Sham DFT equations can be determined and
formal properties of DFT can then be investigated. Assessing the formalism and gaining insight
into the properties of DFT can be assisted by investigating solvable models. Lattice-DFT [7, 8]
is probably one of the best models where DFT theories can be accurately assessed. The simplest
of these is the one-dimensional Hubbard model [9−11]. Although it is not possible to find a
general analytic solution, there exist analytic solutions for special cases. For small systems
Exact Diagonalization of the Hubbard model is feasible and that is the approach we chose.
It is instructive to work out the effective Kohn-Sham potential for the Hubbard model self-
consistently, to check its dependence on the number of particles (specifically for integer particle
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numbers) and furthermore to investigate in the exchange-correlation potential as a function of
fractional particle numbers in an ensemble formalism.

We focus, in Section 2, on the fundamentals of Lattice-DFT. In Section 3 the numerical
approaches we used to probe the effective Kohn-Sham potential in terms of the number of
electrons in the lattice using an ensemble DFT formalism are discussed. The corresponding
results followed by their analysis are presented in Section 4. A thorough summary is included
in Section 5.

2. Background
From here on N represents the number of sites of a finite one-dimensional Hubbard model, Ne is
an integer number of electrons in the lattice whereas J is a fractional number of electrons.
In the ensemble version of DFT fractional particle numbers J are well defined [12]. The
simplest ensemble formulation arises when E0(Ne) − E0(Ne + 1) = A, the electron affinity,
is less or equal to E0(Ne − 1) − E0(Ne) = I, the ionization potential. If this condition, the
so-called convexity condition [13, 14], is satisfied, the energy for fractional particle numbers
J = (1−α)Ne +α(Ne+ 1) or simply J = Ne +α, interpolates linearly between integer particle
numbers: E(J) = (1 − α)E(Ne) + αE(Ne + 1). In a similar way the ensemble ground density
ρ(J) interpolates linearly between integer particle numbers as ρ(J) = (1−α)ρ(Ne)+αρ(Ne+1).
The chemical potential,

µ =
δE(J)

δNe
(1)

and the functional derivative of E(J) with respect to the charge density, can therefore have
a discontinuity at integer particle numbers. Depending on whether J ≥ Ne or J ≤ Ne,
µ = E(Ne + 1)− E(Ne) = A or µ = E(Ne)− E(Ne − 1) = I, respectively.
We adopt the linear chain single band Hubbard Model to describe the physics on a lattice. For
an external site potential viσ, the Hamiltonian is given by:

Ĥ =
∑

1≤i,j≤N,σ
tijC

†
jσCiσ +

∑
1≤i≤N

uini↑ni↓ +
∑

1≤i≤N,σ
viσniσ. (2)

Here σ is the electron spin and C†iσ and Ciσ are respectively the Fermi creation and annihilation
operators acting on spin σ electrons on site i or on the left or right vacuum. Finally, we denote

by niσ the operator C†iσCiσ. The hopping matrix
(
tij = 〈 φj | − ~2

2m∇
2 | φi 〉

)
1≤i,j≤N

[15] conveys

the same idea of motion of particles in a general system. For simplicity, we limited the hopping
amplitude up to the first neighbor on the lattice and fix them to −t. This means tij = −tδ(i±1)j .
The on-site coulomb repulsion is carried by ui and reflects the Hartree-Fock potential. We fixed
the repulsion term to a constant u and only considered spinless external potentials (viσ = vi).
With the resulting Hamiltonian

Ĥ = −t
∑
σ

[
C†2σC1σ +

N−1∑
i=2

(
C†(i−1)σCiσ + C†(i+1)σCiσ

)
+ C†(N−1)σCNσ

]
+ u

∑
1≤i≤N

ni↑ni↓

+
∑

1≤i≤N,σ
viniσ. (3)

we solved the finite chain Hubbard Model using Exact Diagonalization (ED). This works well for
small systems, but even for a few tenths of sites in the model, the size of the matrix makes exact
diagonalization a challenge. The non interacting, or KS system, is addressed in the Hubbard
model by setting the on-site coulomb potential to zero and replacing the on-site potential vi, by
the KS potential vks,i.
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3. Method
We start by solving the finite interacting Hubbard model exactly and determine the ground
state density. Then, starting with a guess for the KS potential, we self-consistently determine
the KS-potential that yields the same density as the corresponding interacting system. This
procedure determines the KS-potential to within a constant only, since potentials that differ
by a constant yield the same density. However, the highest occupied KS single particle energy
εmax must satisfy µ(J, v) = εmax(vks) where µ(J, v) is the chemical potential of the interacting
J-particle system with external potential v [13]. This condition determines the KS-potential
uniquely.

For comparison, we follow reference [16] and define a local density approximation (LDA) for
an infinite homogeneous lattice system: the site ground state; Hartree and kinetic energies are
approximated by

e(t, u, ni) =


−2tβ(t,u)

π sin
(

π
β(t,u)ni

)
if ni ≤ 1

−2tβ(t,u)
π sin

(
π

β(t,u)(2− ni)
)

+ u(ni − 1) otherwise ,
(4)

eH =
u

4
n2i and eT = e(t, 0, ni). (5)

where β is the solution of : −2tβ
π sin

(
π
β

)
= −4t

∫ ∞
0

dx
J0(x)J1(x)

x(1 + exp(x u2t))
.

With V LDA
ks,i = δ

δn(e− eT )
∣∣∣
n=ni

, we can easily evaluate the KS potential for a given density.

4. Results and analysis

Figure 1. Exact KS potential as a
function of particle number for particles
in an infinite square well.

Figure 2. KS potential in the LDA
approximation as a function of particle
number for particles in an infinity square
well.

Let us consider a 5 site lattice with a constant potential for our application. This corresponds
to a infinite potential square well. We set the on-site coulomb potential u to 2 and the hopping
term t to 1 in arbitrary units. In Figure 1 results for the exact KS potential are shown as a
function of particle number. Figure 2 shows results for the LDA. There are spatially independent
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jumps in the exact KS potential whenever the particle number passes through an integer as can
clearly be seen in Figure 3. The LDA potential is continuous as a function of particle number
as shown in Figure. 2. There is a rapid change in the LDA KS-potential near J = 5, at half
band filling. This is a result of the discontinuity in the derivative of the energy of the infinite
homogeneous Hubbard model at half filling (see Eq. 4) and is unrelated to the underlying
properties of DFT. We note that, not surprisingly, both the exact and the LDA KS-potentials
follow the evolution of the charge density (Figure 4), but the numerical values are quite different.

Figure 3. Difference in the exact KS
potentials at integer particle numbers for
J approaching an integer from above and
below.

Figure 4. Variation of the ground state
density.

5. Conclusion and Outlook
The discontinuity in the (functional) derivative of the exchange-correlation plus Hartree energy
was confirmed for a finite Hubbard model. This is seen in the exact KS potential which changes
continuously for particle numbers between integers, but for which there is a spatially independent
discrete jump as the particle number passes through an integer. For comparison, the charge
density is continuous and the approximate LDA-KS potential is continuous at integer particle
numbers. A site derivative discontinuity in the LDA at site density ni = 1 gives rise to a
rapid change in the LDA-KS potential at half filling, but the LDA-KS potential is a continuous
function of particle number. The discontinuity in the KS potential at integer particle numbers
is at the heart of the problem of determining the fundamental gap from KS calculations [13]. As
a further study we intend to explore an ensemble definition of the exchange-correlation energy
to construct approximations to the KS potential that includes a discontinuity at integer particle
numbers.
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