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Particle content of the SM

Fermions | 1°¢ generation | 2"¢ generation | 3"¢ generation

Gauge bosons | v | W=, Z | G°

plus the Higgs boson H.



The Lagrangian of the Standard Model is given by

Loy = Lym + LD + Lyukawa + LHiggs

— \

The kinetic part The Yukawa sector
of the gauge fields (interactions between the
Higgs doublet and fermions)

The Dirac fermions Higgs dynamics and EWSB

In this course we shall not consider possible gauge-fixing
and ghost field contributions (which may result from other
choices of gauge)



We shall construct our Lagrangian using the following rules:
1) The action should be real
2) L should be bilinear in the fields (for free fields)

3) L should be invariant under the symmetries we desire



Spinors and Lorentz transformations

So with this is mind, let us construct a representation of
fermions that transform under rotations (a subgroup of the
Lorentz group)

Recall that fermions [i¢) = ( WT; ) have two components
!

(say spin-up and spin-down), and spin operators S; = %UZ-
for Pauli matrices

/(0 1 (0 —i Lo (10
1=\ 1 0 ) %27\ o J¥B=\ g _1



So if we consider a case where we have orbital angular
momentum (total angular momentum) J given by the
spin-operators,

where Ug(€,0) = exp(—1iJ - €0) = exp(—1i7 - €0/2)

Note that we want the transformations properties of the
full Lorentz group, not just rotations. So I shall

introduce a simple trick for obtaining the spinor
representation from the vector representation, which is not
generalisable to other representations.



Recall that representations are the group of
transformations which take (x,y,z) — (2/,9,2") whilst
leaving r* = z? + y* + z? invariant.

The Lorentz group of transtormations takes

(t,x,y,2) — (', 2,9, 2') leaving t* — % — y? — 22

invariant.

So to start let us assemble the components of a 3-vector
into a 2 X 2 traceless Hermitian matrix

_ Z T — 1Y s
X_<:c+iy — >_%0Z



Consider the transformation X’ = UXUT, where U is a

2 X 2 unitary matrix with unit determinant
= TrX’' =Tr X, X'T = X’ and

N 4 ' — iy’
— v+ iy o

Since det X’ = detX = 2% + ¢/? + 2/? = 2 + y? + 2°.
So this is another way to write the transformation law of
vectors under rotations, where U = exp(—id - é0/2)

As the U’s by themselves form a two-dimensional
representation of the rotation group, and a spinor is a
two-component column vector, it transforms under
rotations as v’ = Uu.



Generalising to the full Lorentz group by writing

Y _ < t+ Z T 1Y )
r+y t—=z
consider the transformation X’ = QXQT, where Q is no
longer required to be unitary, in general, but det() = 1.

Then

detX' = detX

/2

:>t’2—:13’2—y’2—z _ t2—$2—y2—22

and so the transformation corresponds to a Lorentz
transformation. Where a spinor transforms as v — Qu.



However, this construction is not unique, and we have two
representations of the Lorentz group for spinors which are
inequivalent. Therefore we have two different types of
spinor fields, one that transforms according to (), and one

for Q)*.

Note that for the rotations subgroup U and U* are
equivalent representations (we can use iog to switch
between the two, that is, they are related by a change of
basis)

U(R) = exp(—id - €0/2) = iooU*(R)(ioa)"



However, for boosts

ioo(exp(—F-66/2))* (i09)! = exp(&-66/2) # exp(—F-é¢/2)

Thus we can define two types of spinors v+ which transform
under rotations as

U+ — exp(—id - é0/2)u

but differently under boosts

U+ — exp(::&’ : égb/2)ui

Let us move on to the question of how to construct Lorentz
invariant Lagrangians which are bilinear in the fields. As
such we shall now need to know how terms bilinear in the
u’s transform



Since in some sense spinors were square roots of the vectors,
we can construct four-vectors from pairs of spinors.

First consider uLqu — ULQTQUJF under a Lorentz

transformation (similarly for u' u_). For rotations Q is

unitary, therefore u1u+ is a scalar under rotations, but not

so for boosts!

For ulc?qu they form a three-vector under rotations

f

(similarly ' gu_).

Putting these together as V¥ = (ulmr, ulc?qu) and

WH = (ul u_,u’ Gu_), these transform as four-vectors
under a proper Lorentz transformation.



The Weyl Lagrangian

We can now construct a Lagrangian for u, , keeping in mind
the following restrictions:

1) The action should be real
2) L should be bilinear in the fields

3) L should be invariant under the internal symmetry

TA A

Uy — € u+,u1%ei U4

as all fermions in the real world carry some conserved
charge (like baryon number or lepton number)



We’ve already seen how to construct invariant four-vectors

from u and ui, to make this a scalar we just contract it

with another vector.
The only other vector we have at our disposal is 0,,.

Hence the simplest Lagrangian we can write down that
satisfies our requirements is

L =1 (ul@om + ui&’ : ﬁqu)

the ¢ in front is to make the action real, and the sign of L is
not fixed at this point, where we shall take it to be positive.

Note that the positivity of the energy will be a problem
regardless of our choice of sign.



The Dirac equation

However, we want a theory for massive fermions, like the
electron, which conserves parity (as EM and strong
interactions conserve parity)

Now as the parity operator P : ui(Z,t) — ux(—2,%), a
parity invariant theory must have both types of spinors

The simplest Lagrangian is just
Lo=iul (9 +&-V)uy +iul (95 V)u

but this is nothing more than two decoupled massless spinors



However, as ulu_ and uT_qu transform as scalars under a

Lorentz transformation, we can add them
L=Ly— m(ulu_ +uluy)
and this new term has dimension of mass

This Lagrangian leads to the coupled equations of motion
i(@g—l—c?-ﬁ)ujL = Mmu_

i(@g-&’-?)u_ = Mmuy



—

multiplying by 0y =7 - V

= ((?“@L + m2)ui =\
the massive Klein-Gordon equation

If we now group the two fields as a single four-component

bi-spinor | = ( Z+ ), we get the Dirac equation in the

Weyl representation, that is

L — ipT g + iwta - Vo — mavt By



here & — o 0 1
where & = | L0
= equations of motion i(dy + a - ﬁ W = Bmap

(The Dirac equatlon)

In terms of ),

Parity transformation are P : ¢ (%, t) — Sy (—%,t)

and a Lorentz boost ¢ — exp(a - é¢p/2)y

Since uy and u_ transtform the same way under rotations,

. . 1/ &
Y transforms as R : ¥ — exp(L-€60/2)vy for L = B ( g _05, >
with {5,0&7;} =0 , {Oéi,()éj} — 2513 and 52 ="



Note that this representation is not unique, we could have

1 Uy + U_
defined v = — [
V2 ( CRRSS )

~a=(83)0=(4 )

which will give all the same commutation relations for «
and 3, this being the Dirac representation you may have
seen elsewhere.

There are other ways we can represent fermions in terms of
chirality, or even Majorana particles etc.



v matrices

To make our theory for fermions look Lorentz invariant, we
define the Dirac adjoint for a bispinor ) as

p=P'p

Theretfore 1115 is a scalar under a Lorentz transformation

Furthermore, we know that (@DI@DQ, @bi@’wg) = (15151@2» 151552?#2)

transform like a four-vector, in which case we define

v’ = B and v* = Bay



Chirality and 5

We shall now work in the Weyl basis, where
I O U
_ i 01,23 _ +
V5 =YYV _<0 _1>and¢—<u_ >

In which case we define projection operators

1

1
PR:§(1+W5) PL:§(1—75)

(this definition applies in any basis, not just the Weyl) and
that these operators project out our Weyl spinors,



that is

() =30+we = Pav=un
1
>

—
|
5
il
<=
|

Py =g,

where 17, and ¥gr are just the left and right-handed pieces
of the Dirac spinor in four-component form, rather than the
two-component notation earlier.

The Dirac Lagrangian is then

L = Priv*0,br + Yriv"0u0r — m(Yrr + YrVL)

coupled (léft and right-

handed fields) by the
mass term

v
two independent helicity
state equations which are



Local Gauge Invariance

Let us consider transformations which do depend on the
space-time coordinates (¢ = 6%(x)). One speaks in this
case of local or gauge symmetries (Weyl 1929).

The advantage of gauge symmetries is that from a free
theory invariant under global transformations it is possible
to construct a theory invariant under local transformations
(gauge transformations) by adding interaction terms and
one or more vector fields (gauge fields).

How to introduce these terms is not arbitrary but the
imposition of the invariance of the Lagrangian under gauge
transtormations allows us to “generate” interactions and
introduce vector fields which are the mediators of forces.



Example: Electromagnetism

Consider, as a starting point, the Dirac equation for a free
electron

Lp = () (i 0, — m)yY(x)

which is invariant under global U(1) transformations:

W) v'@) = e
Ua) > P(@) = (o).

The corresponding local symmetry is:

P(z) = P (z) = e Dy(z)
P(z) = P (z) = “yP(z).



The mass term of the Lagrangian is invariant under the
local transformation, but the derivative term is not:

()0 () = Y(2)0ut(x) — i (@) [Oua(@)]Y(2) -

To offset this additional term one can define a covariant
derivative with the property:

D,p(x) = e Dy ()

which provides an invariant term in the Lagrangian

Y(x)D, ().



The covariant derivative is obtained with the introduction
of a vector field (gauge field) a,(z):

D, (z) = (0, +iea,)Y(x)

where the gauge field transforms under U(1) by:

|
au(r) = a,(z) = a,(z) + gau@(fb) -
The gauge field is not currently a dynamic field, it can
be eliminated using the equations of motion. To make it
physical we must add a kinetic term.



A term which is gauge invariant and derived from the field
a, (which is also renormalisable), such as f,,(z)f*"(x),
where

fuv(x) =00, () — Opa,(x) .

With the usual normalisation for the kinetic term, the
Lagrangian deduced from Dirac’s Lagrangian with the
application of local invariance is

Larp = ()7 Dy = m)(z) — 7 fu ()1 (@)

which is the Lagrangian of quantum electrodynamics (QED).



It may be noted that there is an absence of a mass term for
the field a,. The reason for this is that the mass term
ma,a’ 1s not gauge invariant. The photon is therefore
massless.

Example: The Yang-Mills theory

Electromagnetism can be generalised (Yang and Mills 1954)
to rotation by a phase, where the phase is a matrix:

Y — OY

with S being a special unitary matrix, for example S &

SU(2) and 9 a doublet.



The invariance of physics in relation to local rotations of

SU(2)
S(z) = e~ ¥ (®)"/2 a=1,2,3

the 0% being the Pauli matrices, can be done in analogy if
we consider an infinitesimal transformation of SU(2)
0% (x)o?

2 Y

S(x) ~1—1
where the transformation of the vector field A, (x) is

i i 1 i i7k nj
Al (z) = Al (z) — gaue 1+ e9kgI (:I:)Aﬁ(a;) .



Compared to the Abelian case we have an €“* term and
AJ, transforms as a triplet in the adjoint representation of

SU(2). So the fields AZ are charged against the charge of
SU(2) whilst for U(1) we had a neutral field (the
photon) compared to the charge of U(1) (electric charge).

The tensor F},, (z):
() = 0y A}, (2) — 9, A, (2) + g€ A], (2) A (x)
is a triplet under the gauge transformation of SU(2):

FW(:IJ) — FW(:IJ) + €Y7l (:zj)FW .



The tensor F,,(x) is not gauge invariant,
however, the product

Tr [(0°Fg, (2) (0" F** (2))] o Fy, (2)F** (2)

which we will use in the Lagrangian, is invariant. In terms
of some of the other differences with the Abelian theory is
the presence of self-interaction terms for the gauge fields in
the kinetic term.



Symmetry breaking

Before progressing with a closer analysis of this Lagrangian
and its components, we first need some background theory.
We shall start with a look at symmetries, where in
quantum mechanics an exact (unbroken) symmetry 7T has
the property of transforming the states of a system:

T:¢p— ¢
such that the transition probabilities do not change

(o, V)° = [/, ¢} .



The operator U of the transformation is unitary or
anti-unitary, and in terms of an observable A

T: A A =UAU'.

Such a transformation preserves the commutation relations
and more general algebraic relations, especially any
equations of motion in the theory do not change under the
transformation 7.



Conversely one may ask whether a symmetry of the
equations of motion implies an exact symmetry. The
answer is yes for a system with a finite number of degrees
of freedom.

If the number of degrees of freedom of the theory is infinite
(as in field theory) the answer is no. The reason is the
presence of nonequivalent representations of canonical
commutation relations. The symmetry of the equations
of motion may not give rise to transformations of system
states which preserve the transition probability. One speaks
in this case of spontaneously broken symmetries.



Spontaneously broken
continuous symmetries

As we build up to the Goldstone theorem, consider a scalar
theory with an O(3) symmetry

1 P Ay
— = ’LL —_— = -
L= 30006562 = J0".

The notation is compact, ¢ = (¢1, ¢2, ¢3) is a vector of
O(3) and ¢ is the scalar product ¢ - ¢, the fourth power of

¢ means ¢* = (¢ - ¢)°.

An infinitesimal rotation through the angle 6 in the
direction of the vector n (with |n|? = 1) can be written as

d—>p+0pAn.



Since a rotation leaves the length of a vector invariant, for
an infinitesimal rotation we can write

91* = ¢+ d¢|° = 8] +2¢ - 3¢ + O(3¢")

and conclude that ¢ and 0¢ are orthogonal

b 66 =0

in order to keep the vector invariant. By definition of the
vector product a rotation around the direction n, d¢ must
also be orthogonal to n, as follows by comparing the above
tormulas

0p=0¢pAn.



For example if n = (0, 0, 1) one finds

091 = 0 @2 02 = —0 ¢1 093 =0 .

The minimum of the potential is given by

S = 10+ ABgl =0
with two possible solutions
¢i =0, or ¢]° = v
— 12



The minimum is found by examining the second derivative

0%V
0p;0¢;

According to the sign of ? we have the following two
possibilities:

= 0 (1* + N o|*) + 2700, .

pe >0 ¢=0,
p’ < 0 p]* = v* .

If 4? > 0 we have a single real minimum ¢ = 0.

In the case u? < 0 we have an infinite number of degenerate

minima, the points on the sphere |¢|* = v?.



By choosing one of these points, for example ¢; = d;3v, we
can be develop an expansion around the minimum

1 0%V

(¢ — di3v) (5 — d53 )

and use the differences (¢; —d;3v) as new fields to be treated
as physical around that minimum. The previous formula
indicates the mass of the field after breaking the

O(3) symmetry:

0 0 0
0°V
MZ-QJ- — By — —2,&252'35]'3 — 0 O 0
Pi00; | pin 0 0 —2u°



So the masses of the fields ¢; and ¢5 are zero, by the

conservation properties of the field Yy = ¢35 — v is nonzero:
2 _ .2 _ 2
Me, = My = 0

The potential in terms of the new fields shows explicitly
how the O(3) symmetry is broken:

0N 1 m2\
Vo= —oe F gl 5 (G d+x7) x
A
Z(¢1"‘¢2‘|‘X)



It may be noted that the Lagrangian has a residual O(2)
symmetry, because V depends only on the combination
% + ¢35 which is invariant for rotations around the axis

(0, 0, v).

This potential is not usually possible with the O(2)
symmetry, the spontaneous breaking of the O(3) symmetry
imposes constraints on the shape of the Lagrangian. It was
also shown that we obtained a theory with two scalar bosons
without mass corresponding to the symmetry breaking by
the two axes 1 and 2.



The Goldstone theorem

In general, if a group with an internal symmetry G is broken
spontaneously into a group H C G which corresponds to
a symmetry of the vacuum state, the number of Goldstone
bosons is the number of generators of G minus the number
of generators of H. Since the size of a group is given by
number of generators we can write the number of Goldstone
bosons as

dim(G) — dim(H) = dim(G/H) ,

where G/H is called the quotient group. The physical
origin of these massless particles is due to the fact that
broken generators allow transitions between degenerate
vacuum states (which have the same energy) and these
transitions do not cost any energy to the system.




The Higgs mechanism

The Goldstone theorem is a problem rather than a
solution for generating masses. In the spontaneous
breaking of a symmetry we obtained massless particles.
When one spontaneously breaks a gauge theory the results
are very different. The reason is that the Goldstone
theorem does not apply to a gauge symmetry because it is
impossible to quantify a gauge theory, keeping at the same
time the covariance of the theory and that the norm of the
Hilbert space remain positive.

In the case of a spontaneously broken gauge theory the
gauge bosons corresponding to the broken symmetries have
mass and the corresponding Goldstone bosons disappear.
We call this phenomenon the Higgs mechanism.



Example: O(2)

We can consider the example of a theory with an O(2)
symmetry

1 1 A
L==0,00"¢p— —0¢* — =¢*
S0,00" — 1t~ Sot,
with vector fields ¢ having two real components. The
symmetry O(2) is not a gauge symmetry and we can repeat
the analysis of the previous section. If u? < 0 we can choose

the vacuum



and make a translation of the field ¢1 to o1 = x + v, with
the potential becoming

m? 1 m2 )\ A\ 5
_ X | 2.2 X 2 2 2 y

The Goldstone boson ¢5 remains massless and the
continuous symmetry, O(2), is completely broken (except
for a discrete symmetry ¢, — —¢@2). The infinitesimal
transformation under O(2) of the field ¢ is given by

091 = —aPa , 02 = adq



and in terms of the new fields
oX = —Qdsy, 0o = ax + av .

Thus the Goldstone boson, in terms of new variables,
becomes a rotation plus a translation. The invariance of
the field to translation makes the potential V' flat in this
direction, and this in turn means that the translation does
not cost any energy and the particle is massless.



We will now analyze the same model in the case of a local
symmetry (gauge symmetry). The invariance under
transformations of the Goldstone boson becomes

0¢2(x) = a(z)x(z) + a(z)v

and since a(x) is an arbitrary function of space-time there
can be a choice of how to eliminate ¢5. To see these details
we can transform to polar coordinates

p:\/qﬁ%+¢§, Hzarcsin%,



where the transformation under finite rotations is

p— P, 0—0+«.

In the case of an infinitesimal systems of two coordinates
coinciding:

b b

pz\/¢%+x2+2v><+v2~v+x, 0 ~ .
X + v v

we make the theory invariant under local transformations
0(z) — 0(x) + a(x)

with the choice a(zx) = —60(x) and the field 6(x) can be
completely eliminated from the theory.



To explicitly construct the locally invariant theory we must
introduce a gauge field and covariant derivatives. It is easier
to do this change by writing the real scalar fields in terms
of a complex field

= \%(Cbl +i¢2) , pT = \%(Cbl — 1¢2)

and rotations of O(2) become phase transformations for the
complex field ¢

¢

b — o .



The Lagrangian model is written in the new variables
L= 0,610 — 12676 — A(67¢)*

To make the Lagrangian invariant under the local
transformations we must introduce covariant derivatives

0,9 — (0, —igA,) ¢ = D¢

and the kinetic term for the gauge field A,,. Therefore

L = —EFWFW + (O +igAy) @7 (0" —igAH) ¢
—12dTd — NoTp)? .



It is difficult to read directly the masses of the particles
from this Lagrangian because we have a mixing term A,0"0
between the Goldstone boson 6 and the gauge boson A,,.
It is possible, by a gauge transformation to eliminate the
mixing term because we saw how to completely eliminate
the Goldstone boson from the Lagrangian earlier. In polar
coordinates



The gauge transformation that eliminates 6 is

¢ N ¢6—i9
for the scalar field, and

1
A, — A, — 5(’)“9

for the gauge field. The Lagrangian becomes

1 . :
L = = w4+ (0, +igA)p(0F —igAH)p

p 2 A

—7/0 Z’O

4



We have to perform the translation in order to be around
the minimum p = y + v, and one can see that the covariant
derivative term generates a mass term for the gauge field

|
§g2f02AuA“ :

thus the gauge field has mass
2 2 2

mjy = g-v

and the Goldstone boson has disappeared from the theory.



The choice of gauge where the Goldstone boson vanishes is
the gauge unit. Note that the number of degrees of
freedom of the theory has not changed: Initially we had two
real scalar fields and two components of a massless gauge
boson. After the gauge transformation we had a single real
scalar field and three components of a massive boson.



In general, if the global symmetry group of the Lagrangian
is G, H C G is the invariance group of the vacuum, and
Gw C G the local gauge symmetry (with K = HNGy # 0)
the broken generators of G can be separated into two
categories: T € K are the generators associated with the
massive gauge bosons, and the other broken generators
correspond to massless Goldstone bosons. The unbroken
generator Gy corresponds to massless gauge bosons.



Lagrangian of the Standard Model

The Lagrangian of the Standard Model is given by

Lam = LyMm + LD + Lyukawa + LHiggs

and we will examine each part of the Lagrangian and its
symmetries.



The Gauge Sector

The first part of the SM Lagrangian is the kinetic part of
the gauge fields:

1
Lyn = ——5 B, B* — —W“ Wary —GA G4
491 492 493

where g1, g2, g3 are the couplings respectively of the
hypercharge, of isotopic spin (isospin), and colour. The
tensors in the above equation are

B, =0,B,—0,B,

for hypercharge, with B,, being the boson vector field of the
hypercharge U(1).



For the isospin:
We, =0,Ws —0,Wo — e WWS

with W (a = 1,2, 3) being the vector bosons of the SU(2)
weak isospin and €2°¢ the antisymmetric structure constant

of SU(2). For the SU(3) colour group
A _ A A _ ABC 4B 4C
G, =0,A, —0,A; — f""YAA;

where the Af} (A=1,...8) are the gluon fields, and fA5¢
the antisymmetric structure constants of SU(3).



Note that hypercharge and isospin for the SU(2) @ U(1)
gauge theory will be broken by the Higgs mechanism to
give the unbroken U(1) EM theory (QED), and the broken

generators give the three massive vector bosons of the weak
interactions.

But more on that later.



The Dirac Sector

The term Lp is the Lagrangian for the Dirac fermions,
describing the freely moving fermions and the fermionic
interactions with gauge bosons.

Recall that weak interactions violate parity, as such, we’ll
describe the Dirac fermions in terms of Weyl spinors with

two-components
YL )
U =
( YR

to highlight that fact.



Quarks and leptons of the SM are written in terms of
multiplets (SU(3)., SU(2)w, U(1),) and using only two
component spinors of the left-handed type:

Vj

, )L ~ (1, 2, y1)

e_iL ~ (17 17 y2)

L;

|
RN
A

Uz, (37 17 y4)
diL ~ (ga 17 y5)

where 7 is the index which indicates the family.

For now the values y; ... y5 of the hypercharge shall remain
undetermined.



The coupling of fermions to gauge fields is done with
covariant derivatives. For gauge fields we will use a notation
in terms of matrices

I 1 a_a A 1 AA A

W, = §WMT p = 54 A
with 7¢ being SU(2), (Pauli) matrices and A\ those of
SU(3). (Gell-Mann matrices). In the following we will
indicate the Pauli matrices with 7* when done in reference
to SU(2),, matrices and with ¢* for spin.



The covariant derivatives are defined by

DuLi = (Ou+iW, +i%B,) L

D@y = ((% %ygBu> e;

D,Q; = (m +iA, +iW, + %ygBu> Q;
D,i; = ((L — A% + %y4BM> s

D,d; = (c% — A% + %y5BM) d;



The Dirac part of the SM Lagrangian is

3
Lo = Y (Llo"DuLi+elo"Dyei + Qlo" DuQ;
1=1

—|—?7JZUMDM17JZ~ + Jja“Duc{i) :

Note that the Lagrangian Ly s +£Lp has a symmetry larger
than the full Lagrangian of the SM. For the multiplets used
above, and given that we have 5 types of fermions, the
overall symmetry appears to be [U(3)]°. This symmetry
will not be respected in the other parts of the Lagrangian.
In particular, in the Yukawa sector.



Yukawa interactions

The need to introduce Yukawa terms (terms of dimension
4 with two spinors and a scalar field) is due to

the impossibility of writing mass terms which are invariant
and renormalisable, such as:

T - T _ - T 3
L* oqey, Q" oouy, , Q" o2dy, ,
which are not invariant with respect to the weak isospin.

One possible way to construct mass terms which are

invariant is to introduce a scalar field that is an isospin
doublet, like the Higgs field:



and construct interaction terms (scalar-fermion-fermion),
the Yukawa terms:

verl _ = * eyl
»CYukawa — ZY;jL~O'26jLH —I—ZY O'QUJLTQH

+sz Lood; H* +h.c.

where the Y;; are complex matrices of Yukawa couplings.

Recall that 7; denotes the Pauli matrices for the SU(2),,
oroup and o; the same Pauli matrices for spin.

Note that after spontaneous symmetry breaking these terms
give rise to fermionic mass terms.



The hypercharge conservation imposes the following
relations:

Y = Y1 + Y2 = —(yYs +y4) = Y3 + ys

and if we fix y;, = 1, a choice consistent with anomaly
cancellation is:

yi=—1,p2=+2, ys =+1/3, ya = —4/3, y5 = 2/3.

The Yukawa couplings Y;,; are not all independent because
redefinitions of the fields are possible using the global
symmetries of Lyyv + Lp.



Note that any complex matrix can be written as:
ye — [Je© TMeve
with UeU®T = VeVel =1 (U¢ and V¢ being unitary

matrices) and M€ a real diagonal matrix. The unitary
matrices can be absorbed by a redefinition of fields:

L'=U°L er = Veer,

without changing the Lyy + Lp.



For leptons this redefinition makes Lyykawa diagonal:

s, L ooe; H* + h.c.

1

with
Y11 0 0
M*® = 0y 0
0 0 w33

These Yukawa terms break the global U(3) x U(3)
symmetry and only retain the U(1) invariance with phase

—’I:Oéf,; =

L, —e*“L;, e; — € €; .

the a; being interpreted as the three leptonic numbers.



The redefinition of quark fields of type up and down can not
be done independently, because the two types of Yukawa
interactions for quarks always contain ();.

Note that if we wanted to have massive neutrinos, we would
have the same problem with L;, which would lead to the
Vpurns in the same way that this section will lead to Vo g as.

Writing:
YU — UUTMUVU 7 Yd _ UdTMdVd ,

and for quarks « — V%, d — Ve



The doublet (); can be redefined to eliminate the matrix
U and the remaining two Yukawa interaction terms leave
matrices in the other couplings:

iyt QY ood; H* + iy;-’JjQiTcrngiﬂjTgH

with V = U*U%. The matrix V is unitary and therefore
there are now 9 independent parameters instead of 18, by
the relationship VTV = 1.

Note that V;; will give rise to Vo . Further
simplifications are possible such that we would be left with a
matrix containing three parameters (angles) of the matrix,
and a phase, all of which are physical!



The only remaining symmetry in the quark sector of the
global symmetry is a U(1) phase common to all quarks

Qz' — BwQZ’ U; — G_iél_bz' CZZ — 6_7:5621'

which corresponds to a conserved quantum number, baryon
number.



The Higgs sector

Before we proceed to EWSB, we need to study the final
piece of Lgps. This will also be the sector responsible for
the symmetry breaking SU(2),, ® U(1), = U(1)em.

In the previous section we introduced a complex scalar
doublet of SU(2),,

_( Ha
H_<H2>~(1,2,1),

where we now write its Lagrangian as

Ltiiges = (D, H)' (DMH) — V(H)



with

S
S
||

(au +iW, + %yhBM> H with y, = 1
V(H) = —p’H'H+XNH'H)?.

The potential V' is the broadest possible renormalisable and
invariant potential under the SU(2),, ® U(1), symmetry.

The invariance of the vacuum is that of the U (1), SO one
component of this pair must be a neutral scalar field of the
electric charge.



One can check that our choice of the previous section,
yn, = 1, i1s in agreement with this observation. The
relationship between the electric charge, hypercharge and
1sospin 1S

1

Qem :ISw_|— §y .

For both components of the doublet Higgs has

| |
Qem(¢+) — 5 =+ §yh =1
Qem(¢0) — _% =+ %yh =0

Thus we find the component ¢ with zero electric charge.



Spontaneous electroweak symmetry breaking

With the choice of parameters u? < 0 and A > 0 the Higgs
potential has its minimum on the surface

2 U2

]
HP?2. =_T
’ |m1n 2)\ 2

with v = —pu?/X. We will choose the vacuum

oiro) = ()

and set the fields around this vacuum as
7 0
H = exp | —&i(z)o; vth(@) | =U(z)Ho ,
v V2

where we have introduced the fields & (x) (¢ = 1, 2, 3) and
h(x).



The unitary phase matrix U(x) is a gauge transformation
of SU(2) and is a direct result of the unitary gauge. The
corresponding gauge transformation on the SU(2) gauge
fields lies in studying the covariant derivative

. ' 0
DMH = (Qu + iWu + 3B,u> U(.CC) ( v+h(x) )
2 NG

U(z) U(z)? (@L—I—iWM—F %Bu) U(z) ( v+2<x> )

V2
Y17/ Z O

V2

where the last equality is obtained by taking

~

W, = —iU(2)10,U(z) + U(z)'W,U(x) .



In this way the matrix U(x) vanishes completely from the
Lagrangian:

1 1
Lhiggs = §6Mh6’“h + 8 (By — Way) (B — W) (v + h)?

1
+§ (Wi, — iWa,,) (W +iWh) (v + h)?

)\ 2
1R + Awhd + Zh‘L _ )\UZ .

You can read the mass term for the Higgs boson as:

1 1
M2 h? = 2 \2h? = —m2h?
2 TR

where we define m% — 2\v2.



However, it is difficult to read the mass terms of the gauge
bosons due to the mixing of terms. We must therefore
define linear combinations appropriate to the fields in order
to eliminate mixing terms between gauge bosons.

Before this we will reintroduce the coupling constants which
were hidden in the fields earlier

B,UJ — ngM . WM — QQWM ; A;‘ — ggzii;l :

This will make the Ly s I gave earlier look like the more
usual kinetic terms of gauge fields



To find the diagonal form of the masses we will impose in
the appropriate area:

2?}2
myy W, W = 928 (Wi —iWay) (Wi + W)
where
W+ = : W .
0= \ﬁ( 1 FiWau)
9 g§v2

and the mass of the two gauge bosons is mj;, = .



For the neutral gauge bosons the electrical charge imposes
a massless linear combination corresponding to the photon
as

2

1 1 v
§mQZZMZ“ + 5 0A4,A" = =

(91By — 92Wsy) (g1 B* — g2W3') .

The above equation can be written in terms of matrices

1z a0 () (G )=

2 WH
V2 gs —g192 3
—(W3,, B
s (Waw, Bu) < —g192 93 ) ( B* )



and the link between the two descriptions is an orthogonal
transformation

Zk N\ [ cosf, —sinb, Wi
A* ]\ sinf, cosé, BH
with

g2 : _ 91
p) p) Sin Oy = p) 2’
V91 + 95 vV 9i + 95

where 6,, is the Weinberg angle.

cos b, =




The mass of the photon is zero and that of the boson Z°
equals

,02

mz = (97 +95)
A comparison between equations for Z and W* masses
gives the relationship, valid at the tree-level

2
m
W 2
0w -



Recall that the couplings of fermions to gauge fields were
given by covariant derivatives in Lp. So if we expand Lp
in terms of our “new” physical gauge fields we get

. (eLa“eL + e};a“’eR)
with the interactions of charged weak currents

J— z% (WM_V;LLJ“’GL + W;JLJ“VGL) :

and neutral weak currents

1 1
f olv.r — 5620“6@

£Cn:igzZ[

cos 6 2 VeL

' O'MGR)

+ sin? 6, (eLU“’eL + e
From the previous equations we can see the interactions
of charged and neutral currents have the same interaction
tforce.



Conclusion

The phenomenology of this Higgs boson, and how it couples
with the fields is beyond the scope of this lecture series, but
I hope shall be discussed elsewhere this week, along with
the ongoing efforts to measure these interactions.

For further details on these notes, please feel free to contact
me at

alan.cornellQwits.ac.za

Thank you



